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Abstract
A set of two-dimensional semi-riemannian submanifolds of flat semi
-riemannian manifolds is associated to each Toda theory. The method and an
example are given to Toda theories associated to real finite dimensional Lie
algebras.
1 Introduction
The subject of this work is concerned with the theory of classical integrability. Toda
theories are two-dimensional relativistic integrable theories. Their field equations are
expressed in terms of a zero curvature condition. Toda theories associated to finite
dimensional Lie algebras are called conformal Toda theories (see [1] for a review).
In this work we consider only Toda theories associated to finite dimensional real Lie
algebras.
The purpose of this work is to translate the analytical information, that is, the
field equations, into geometrical information. More precisely, we are going to apply
a method by which a system, such that its field equations are given by a set of
zero curvature conditions, associated to a real Lie algebra, in circunstances to be
explained, can be associated to a set of semi-riemannian submanifolds of a given
semi-riemannian manifold (see [2] for a review).
This work is organized as follows: In the sections 2, 3 and 4 we review some
basic facts about Toda theories, semi-riemannian geometry and semi-riemannian
submanifolds, respectively. In the section 5 we review the above cited method. In
the section 6 we apply the method of section 5 to Toda theories associated to real
Lie algebras and give an example. In the appendix a typical calculation of this work
is shown.
1
2 Toda theories
In this section we review some basic facts about Toda theories.
Suppose a Lie algebra G can be decomposed as a direct sum of vector spaces
G = ⊕iGi, i ∈ Z, where the subspaces Gi are defined by, Q ∈ G, [Q, T ] = iT ,
∀T ∈ Gi. The element Q is called a grading operator. As a consequence of the
Jacobi identity, ∀T ∈ Gi, ∀V ∈ Gj, [T, V ] ∈ Gi+j. Note that if i 6= j, then Gi and
Gj have only the zero element (0 ∈ G) in common.
Toda theories are defined on a flat manifold, the two-dimensional Minkowski
space Mk2. In a natural coordinate system, globally defined, x1 = x, x2 = t, the
metric tensor has constant components given by η11 = −1, η22 = 1, η12 = η21 = 0.
We introduce new coordinates, z = t+x, z¯ = t−x. Then ∂t = ∂+ ∂¯ and ∂x = ∂− ∂¯,
where ∂ ≡ ∂
∂z
and ∂¯ ≡ ∂
∂z¯
.
Toda theories can be obtained as constrained Wess-Zumino-Witten models
(WZW). Given a Lie algebra G and a grading operator Q, define G+ ≡ ⊕i>0Gi
and G− ≡ ⊕i<0Gi. If the dynamical variable of a WZW model is a group element
g, use the Gauss decomposition [3] to write g = NBM , where N = exp(G−),
M = exp(G+) and B = exp(G0). Then the dynamical variable in the Toda theories
is the group element B and the field equations are given by
∂¯(B−1∂B) + [ε−, B−1ε+B] = 0,
where ε+, ε− are constants such that ε+ ∈ G1 and ε
− ∈ G−1. As
B{∂¯(B−1∂B) + [ε−, B−1ε+B]}B−1 = ∂(∂¯BB−1)− [ε+, Bε−B−1],
the field equations can be expressed in a equivalent way by:
∂(∂¯BB−1)− [ε+, Bε−B−1] = 0.
Note that Q ∈ G0 because [Q,Q] = 0 and G0 is a subalgebra as a consequence of the
Jacobi identity. If the G0 subalgebra is abelian, the model is called abelian. There
is a procedure to get the action of the Toda theories, given the action of the WZW
model [1].
Let At(t, x) and Ax(t, x) be gauge potentials. Define A ≡ Az = 1/2(At+Ax) and
A¯ ≡ Az¯ = 1/2(At − Ax). The curvature is given by Fzz¯ = ∂A¯ − ∂¯A + [A, A¯]. The
Toda theories field equations can be seen as a zero curvature condition, Fzz¯ = 0,
where
A = Bε−B−1 and
A¯ = −ε+ − ∂¯BB−1.
Given a group element g and a gauge transformation
Ag = gAg−1 − ∂gg−1 and (2. 1)
A¯g = gA¯g−1 − ∂¯gg−1, (2. 2)
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the curvature is transformed to F gzz¯ ≡ Fzz¯(A
g) = gFzz¯g
−1. Then
(F gzz¯ = 0) ⇐⇒ (Fzz¯ = 0) and the field equations are invariant by a gauge transfor-
mation.
Let λ ∈ IR, ∂zλ = ∂z¯λ = 0. Define
a(z, z¯, λ) ≡ e−λBε−B−1 and (2. 3)
a¯(z, z¯, λ) ≡ −eλε+ − ∂¯BB−1. (2. 4)
The zero curvature condition
∂a¯ − ∂¯a + [a, a¯] = 0 (2. 5)
is equivalent to the Toda theories field equations. Note that:
• (a)
a(z, z¯, λ = 0) = A(z, z¯) and
a¯(z, z¯, λ = 0) = A¯(z, z¯).
• (b) a and a¯ are obtained applying a gauge transformation to A and A¯ ( equa-
tions (2. 1) and (2. 2) ), where g = eλQ.
3 Semi-Riemannian geometry
In this section we review some basic facts about semi-riemannian geometry [4]. We
consider C∞ differentiable manifolds M (Hausdorff and second countable) with a
complete atlas. F(M) is the set of C∞ differentiable functions f : M → IR. Given
p ∈ M , Tp(M) is the set of tangent vectors to M at p. Given p ∈ M , an open set
V ⊂M , p ∈ V and a coordinate system ϕ : V → IRm, m = dim(M),
ϕ(p) = (x1(p), . . . , xm(p)), then ∂
∂x1
|p, . . . ,
∂
∂xm
|p form a basis for the tangent space
Tp(M), that is, v = v
i ∂
∂xi
|p, ∀v ∈ Tp(M). Let φ : M → N be a C
∞ map, where M
and N are manifolds. The differential map of φ at p ∈M is denoted by
dφp : Tp(M) → Tφ(p)(N). x (M) is the set of C∞ vector fields on M . Given
V,W ∈ x (M), the Lie bracket is denoted by [V,W ].
A metric tensor g on M is a symmetric nondegenerate F(M)-bilinear map
g : x (M) × x (M) → F(M) of constant index. The term nondegenerate means
that, ∀p ∈ M , given v ∈ Tp(M), if g(v, w) = 0, ∀w ∈ Tp(M), then v = 0. Given
a basis to Tp(M) and the matrix (gij(p)) which corresponds to g evaluated on this
basis, it follows that (gij(p)) is invertible. We denote the inverse by (g
ij(p)). Given
p ∈ M , one can always find an orthonormal basis for Tp(M). On this basis (gij(p))
is diagonal, gij(p) = δijǫj , where ǫj = ±1, ∀j ∈ {1, . . . , m}. The signature is
(ǫ1, . . . , ǫm) and the index is defined as the number of negative signs in the signature.
The name semi-riemannian corresponds to a general signature. The riemannian and
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lorentzian cases correspond, respectively, to the indexes 0 and 1. Let M and N
be semi-riemannian manifolds with metric tensors gM and gN . An isometry is a
diffeomorphism φ : M → N such that φ∗(gN) = gM , where φ
∗(gN) is the pullback
of gN .
A connection D is a map D : x (M)× x (M)→ x (M) such that
(a) DVW is F(M)-linear in V ,
(b) DVW is IR-linear in W and
(c) DV (fW ) = (V f)W + fDVW ,
∀f ∈ F(M), ∀V,W ∈ x (M). DVW is called the covariant derivative of W with
respect to V .
There is a unique connection D such that
(a) [V,W ] = DVW −DWV and
(b) Xg(V,W ) = g(DXV,W ) + g(V,DXW ),
∀X, V,W ∈ x (M). D is called the Levi-Civita connection of M . These two prop-
erties are known as torsion free condition and metric compatibility.
Let x1, . . . , xm be a coordinate system on an open set V ⊂ M . The Christoffel
symbols are defined by D∂i∂j = Γ
k
ij∂k, (1 ≤ i, j ≤ m). In the case of a Levi-Civita
connection Γkij = Γ
k
ji and
Γkij =
1
2
gkr
(
∂gjr
∂xi
+
∂gir
∂xj
−
∂gij
∂xr
)
, (3. 1)
∀i, j, k ∈ {1, . . .m}.
The Riemann tensor R : [x (M)]3 → x (M) is defined by
R(X, Y )Z = D[X,Y ]Z − [DX , DY ]Z, ∀X, Y, Z ∈ x (M) and is F(M)-linear in X, Y
and Z. Given a coordinate system, R(∂k, ∂l)∂j = R
i
jkl∂i, where
Rijkl ≡
∂Γikj
∂xl
−
∂Γilj
∂xk
+ ΓilrΓ
r
kj − Γ
i
krΓ
r
lj (3. 2)
and we define Rijkl ≡ girR
r
jkl, ∀i, j, k, l ∈ {1, . . . , m}. Different definitions of the
Riemann tensor (concerning its sign) and its components Rijkl can be found.
Given p ∈M , a two-dimensional subspace P of Tp(M) is called a tangent plane
to M at p. If g restricted to P is nondegenerate, P is said to be a nondegenerate
tangent plane to M at p. In this case take a basis v, w for P and define
K(P ) ≡
g(R(v, w)v, w)
Q(v, w)
,
where Q(v, w) ≡ g(v, v)g(w,w)− [g(v, w)]2. Then K(P ) is independent of the choice
v, w for P and is called the sectional curvature of P . One can verify that K(P ) = 0
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for every nondegenerate plane P in Tp(M) if and only if the Riemann tensor satisfies
R(p) = 0, that is, R(x, y)z = 0, ∀x, y, z ∈ Tp(M). M is said to be flat if R(p) = 0,
∀p ∈ M . M is said to have constant curvature if K(P ) is constant for every P in
Tp(M) and for every p ∈M .
The Ricci tensor is a F(M)-bilinear symmetric map Ric : [x (M)]2 → F(M)
whose components are given by Rij = R
k
ijk, ∀i, j ∈ {1, . . . , m}. M is said to be Ricci
flat if Ric(p) = 0, ∀p ∈M . The scalar curvature is given by S = gijRij .
Let IRm be the C∞ manifold with its usual differentiable structure. A natural
coordinate system on IRm is one (globally defined) that associates to
(x1, . . . , xm) ∈ IRm the coordinates (x1, . . . , xm). We define a metric tensor on IRm
in such a way that in a natural coordinate system the components of g are given by
gij(p) = δijǫj , ∀p ∈ IR
m, ∀i, j ∈ {1, . . . , m}, where ǫj = −1 for 1 ≤ j ≤ ν and ǫj = 1,
for ν + 1 ≤ j ≤ m. The number ν is the index. This manifold with a Levi-Civita
connection is denoted by IRmν . In natural coordinates Γ
k
ij(p) = 0, ∀p ∈ IR
m
ν ,
∀i, j, k ∈ {1, . . . , m}. The Riemann tensor satisfies R(p) = 0, ∀p ∈ IRmν . These
flat manifolds are called semi-euclidean spaces. IRm0 is the m-dimensional Euclidean
space Em and, if m ≥ 2, IRm1 is the m-dimensional Minkowski space Mk
m.
Let M be a two-dimensional manifold. Then Tp(M) is the only tangent plane
at p ∈ M . The sectional curvature in this case is denoted by K and is called the
gaussian curvature. Then R(X, Y )Z = K[g(Z,X)Y −g(Z, Y )X ], ∀X, Y, Z ∈ x (M),
Ric = Kg, S = 2K and K = −R1212.
4 Semi-Riemannian submanifolds
In this section we review some basic facts about semi-riemannian submanifolds [4].
At first place, submanifolds, immersions and imbeddings are defined. Then it is
shown that, given an immersion, there is always a submanifold locally defined. The
next concept introduced is that of semi-riemannian submanifolds. By last, the
Gauss-Weingarten equations and the Gauss-Codazzi-Ricci equations are discussed.
Let M¯ be a topological space and M ⊂ M¯ . The induced topology is the one
such that a subset V of M is open if and only if there is an open set V¯ of M¯ such
that V¯ ∩M = V . M is a topological subspace of M¯ if it has the induced toplogy.
A manifold M is a submanifold of a manifold M¯ provided:
(a) M is a topological subspace of M¯ .
(b) The inclusion map j : M ⊂ M¯ is C∞ and at each point p ∈ M its differential
map dj is injective.
Let M¯ and N be C∞ manifolds. An immersion φ : N → M¯ is a C∞ map such
that dφp is injective, ∀p ∈ N . An imbedding of a manifold N into M¯ is an injective
immersion φ : N → M¯ such that the induced map N → φ(N) is a homeomorphism
onto the subspace φ(N) of M¯ , where φ(N) ⊂ M¯ has the induced topology. An open
set V of a manifold N is a manifold, considering the restriction of the complete
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atlas of N to V . Let φ : N → M¯ be an immersion. ∀p ∈ N , there is an open set
V ⊆ N , p ∈ V , such that φ : V → M¯ is an imbedding [6]. If φ : V → M¯ is an
imbedding, make its image φ(V ) a manifold so that the induced map φˆ : V → φ(V )
is a diffeomorphism. Then φ(V ) is a topological subspace of M¯ and the inclusion
map j : φ(V ) ⊂ M¯ is φ ◦ [φˆ]−1, which by the chain rule is an immersion. Thus φ(V )
is a submanifold of M¯ [4].
Let M be a submanifold of the semi-riemannian manifold M¯ with the metric
tensor g¯. If the pullback j∗(g¯) is a metric tensor on M , then M is called a semi-
riemannian submanifold of M¯ . In the particular case of a riemannian manifold M¯ ,
the previous condition is always true.
Let us explain better this last topic. If p ∈ M and g is the metric tensor on
the semi-riemannian submanifold M , then g(v, w) = g¯(djp(v), djp(w)) ≡ g¯(v, w),
∀v, w ∈ TpM , where we have simplified our notation, as it is usually done, by
the identification of TpM and djp(Tp(M)), which turns out to be equivalent to say
Tp(M) ⊂ Tp(M¯). The previous condition has to be verified in order to define a semi-
riemannian submanifold, because the restriction of g¯ to Tp(M)×Tp(M), ∀p ∈M , in
some cases does not define a metric tensor on M . The metric tensor g is called the
first fundamental form of the submanifold M . There is another usual simplification
in the notation. We write 〈, 〉 for the scalar product defined by g¯ and understand
that, when it is restricted to Tp(M) × Tp(M), ∀p ∈ M , it is the scalar product
defined by g.
Suppose M is a semi-riemannian submanifold of M¯ . Then define, ∀p ∈M ,
Tp(M)
⊥ = {v ∈ Tp(M¯) | g¯(v, w) = 0, ∀w ∈ Tp(M)}.
As g¯ restricted to Tp(M) × Tp(M) is nondegenerate, Tp(M¯) = Tp(M) ⊕ Tp(M)
⊥
and g¯ restricted to Tp(M)
⊥ × Tp(M)
⊥ is also nondegenerate. The subspaces in the
direct sum are called tangent and normal subspaces. The projections are denoted
by Tan : Tp(M¯)→ Tp(M) and Nor : Tp(M¯)→ Tp(M)
⊥, ∀p ∈M .
We denote by x¯ (M) the set of C∞ vector fields defined on M such that if
X ∈ x¯ (M), then X(p) ∈ Tp(M¯), ∀p ∈ M . Similarly, the two sets of C∞ vector
fields defined on M denoted by x (M) and x (M)⊥ are such that, if Y ∈ x (M)
and Z ∈ x (M)⊥, then Y (p) ∈ Tp(M) and Z(p) ∈ Tp(M)⊥, ∀p ∈M .
We write D¯ : x (M¯) × x (M¯) → x (M¯) for the Levi-Civita connection on M¯ ,
where x (M¯) is the set of C∞ vector fields on M¯ . There is a natural defined induced
connection D¯ : x (M)× x¯ (M)→ x¯ (M), obtained from the Levi-Civita connection
D¯ on M¯ by taking appropriate C∞ local extensions of the vector fields in the sets
x (M) and x¯ (M) to x (M¯). The induced connection has analogous properties to
the Levi-Civita connection D¯ on M¯ .
The Gauss-Weingarten equations are:
D¯VW = Tan(D¯VW ) +Nor(D¯VW ) and (4. 1)
D¯VZ = Tan(D¯VZ) +Nor(D¯VZ), (4. 2)
∀V,W ∈ x (M), Z ∈ x (M)⊥, with the following identifications:
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(a) Tan(D¯VW ) = DVW , where D : x (M)× x (M) → x (M) is the Levi-Civita
connection on M .
(b) Nor(D¯VW ) = Π(V,W ), where Π : x (M) × x (M) → x (M)⊥ is F(M)-
bilinear and symmetric. Π is denominated the second fundamental form of
the submanifold M .
(c) Tan(D¯VZ) = Π˜(V, Z), where Π˜ : x (M) × x (M)⊥ → x (M) is F(M)-
bilinear. Π˜ is given in terms of Π, because 〈Π˜(V, Z),W 〉 = −〈Π(V,W ), Z〉,
∀V, V ∈ x (M), Z ∈ x (M)⊥.
(d) Nor(D¯VZ) = D
⊥
V Z, where D
⊥
VZ is called the normal covariant derivative of
Z with respect to V and D⊥ is called the normal connection on M .
One can verify that
(a) D⊥V Z is F(M)-linear in V and IR-linear in Z,
(b) D⊥V (fZ) = fD
⊥
V Z + (V f)Z and
(c) V 〈Y, Z〉 = 〈D⊥V Y, Z〉+ 〈Y,D
⊥
VZ〉 ,
∀V ∈ x (M), Y, Z ∈ x (M)⊥ and f ∈ F(M). The normal connection plays on the
normal bundle NM the role played by the Levi-Civita connection D on the tangent
bundle TM .
The maps g, Π and D⊥ are called the fundamental forms of the submanifold M .
As a consequence of the Gauss-Weingarten equations [4], we have:
(a) The Gauss equation:
〈R(V,W )X, Y 〉 = 〈R¯(V,W )X, Y 〉+ 〈Π(V,X),Π(W,Y )〉−〈Π(V, Y ),Π(W,X)〉,
∀V , W , X , Y ∈ x (M), where R¯, R are the Riemann tensors on M¯ and M ,
respectively.
(b) The Codazzi equation:
NorR¯(V,W )X = −(▽VΠ)(W,X) + (▽WΠ)(V,X),
where
(▽VΠ)(X, Y ) = D
⊥
V (Π(X, Y ))− Π(DVX, Y )− Π(X,DV Y ),
∀V,W,X, Y ∈ x (M).
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(c) The Ricci equation:
〈R⊥(V,W )X, Y 〉 = 〈R¯(V,W )X, Y 〉+〈Π˜(V,X), Π˜(W,Y )〉−〈Π˜(V, Y ), Π˜(W,X)〉
∀V,W ∈ x (M), X, Y ∈ x (M)⊥, where
R⊥ : x (M)× x (M)× x (M)⊥ → x (M)⊥ is given by
R⊥(V,W )X = D⊥[V,W ]X − [D
⊥
V , D
⊥
W ]X and is F(M)-multilinear.
One can get a component representation of the Gauss-Weingarten (GW) equa-
tions and the Gauss-Codazzi-Ricci (GCR) equations. Let dim(M¯) = m¯,
dim(M) = m and adopt the following convention about indexes: latin lower case
letters (a, b, . . .) take values on the set {1, . . . , m¯}, latin upper case letters {A,B, . . .}
take values on the set {1, . . . , m¯ − m} and greek letters {α, β, . . .} take values on
the set {1, . . . , m}. The summation convention over indexes appearing twice, once
as a superscript and once as a subscript, is employed.
Let V¯ be a coordinate neighborhood of p ∈ M¯ and V a coordinate neighborhood
of p ∈M , p ∈ V ⊂ V¯ , such that there is a set of (m¯−m) locally defined C∞ vector
fields {NA}, NA(q) ∈ Tq(M)
⊥, ∀q ∈ V , 〈NA, NB〉 = ηAB, where ηAB(q) = δABǫ
⊥
B
and ǫ⊥B = ±1. The index corresponding to the signature (ǫ
⊥
1 , . . . , ǫ
⊥
m¯−m) is denoted
by ν⊥. We denote the inverse of the matrix (ηAB) by (η
AB). Similarly, (g¯ij) and
(gµν) are the inverses of (g¯ij) and (gµν). The normal frame field {NA} is typically
employed in order to construct bundle charts on the normal bundle NM [4]. We
denote by {Γ¯kij} and {Γ
γ
αβ} the Christoffel symbols of M¯ and M respectively.
Given local coordinates (y1, . . . , ym¯) on V¯ , (z1, . . . , zm) on V , then ∂α = y
k
,α∂k,
where ∂α ≡
∂
∂zα
, ∂k ≡
∂
∂yk
and yk,α ≡
∂yk
∂zα
. Define Π(∂α, ∂β) ≡ η
ABbBαβNA and
D⊥∂αNA ≡ µ
B
AαNB. Then Π˜(∂α, NA) = −bAαβg
βγ∂γ. The set of functions
{{gαβ}, {bAαβ}, {µ
A
Bα}} gives the component representation of the fundamental
forms (g,Π, D⊥). Note that bBαβ = bBβα.
Taking V = ∂α, W = ∂β and Z = NA in the equations (4. 1) and (4. 2), the
GW equations can be written as:
yk,αβ = Γ
γ
αβy
k
,γ − Γ¯
k
pqy
p
,αy
q
,β + η
ABbAαβN
k
B and (4. 3)
N iA,α = −Γ¯
i
pqy
p
,αN
q
A + µ
C
AαN
i
C − bAαγg
γρyi,ρ , (4. 4)
where NA ≡ N
i
A∂i and y
k
,αβ ≡ ∂α∂βy
k.
We define rCAαβ by R
⊥(∂α, ∂β)NA ≡ r
C
AαβNC . Thus
rCAαβ = ∂βµ
C
Aα + µ
B
Aαµ
C
Bβ − ∂αµ
C
Aβ − µ
B
Aβµ
C
Bα.
The GCR equations can be written as:
(a) The Gauss equation:
Rδγαβ = y
i
,αy
j
,βy
k
,γy
l
,δR¯lkij + η
CD(bCαγbDβδ − bCαδbDβγ).
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(b) The Codazzi equation:
R¯mkijy
i
,αy
j
,βy
k
,γN
m
D = bBβγµ
B
Dα − bBαγµ
B
Dβ − bDβγ;α + bDαγ;β,
where
bDβγ;α ≡ ∂αbDβγ − Γ
θ
αγbDβθ − Γ
θ
αβbDθγ .
(c) The Ricci equation:
ηCBr
C
Aαβ = y
i
,αy
j
,βN
k
AN
l
BR¯lkij + bAαγbBβθg
θγ − bBαγbAβθg
θγ.
We raise and lower latin uppercase / latin lowercase / greek indexes with
(ηAB), (ηAB) / (g
ij), (gij) / (g¯
αβ), (g¯αβ). These six matrices are symmetric ones.
As (ηAC) is constant in V ,
0 = ∂α〈NA, NC〉 = 〈D
⊥
αNA, NC〉+ 〈NA, D
⊥
αNC〉
= µBAαηBC + µ
B
CαηAB ≡ µCAα + µACα.
Then µCAα = −µACα. Thus µ11α = µ22α = . . . = µ(m¯−m)(m¯−m)α = 0.
Let M be a hypersurface, that is, m¯ = m + 1. In this case, latin uppercase
indexes take just one value (1). Then, as µACα = η
ABµBCα, µ
1
1α = 0 and r
1
1αβ = 0.
R¯ satisfies R¯lkij = −R¯klij . Thus both sides of the Ricci equation are equal to zero
and the equation is trivially satisfied in this case.
The mean curvature vector field ~H is defined by:
~H(p) =
1
m
m∑
α=1
ǫαΠ(eα, eα), (4. 5)
where {eα} is any orthonormal basis for Tp(M), g(eα, eβ) = δαβǫβ and ǫβ = ±1.
In the classical theory of surfaces in the three-dimensional euclidean space E3,
the gaussian curvature K and the mean curvature H are defined in terms of the
differential of the normal map of Gauss in such a way that H(p) = k1+k2
2
and
K(p) = k1k2, where k1, k2 are the principal curvatures of the surface S at p ∈ S.
The result obtained by Gauss that K is invariant by local isometries is known as
the Egregium Theorem [5].
One can ask if given functions {{gαβ}, {bAαβ}, {µ
A
Bα}} satisfying the GCR equa-
tions is there a submanifold such that these functions are the corresponding compo-
nents of the fundamental forms. The answer to this question in the classical theory
of surfaces in E3 is known as the Bonnet theorem and, basically, it says that locally,
up to rigid motions, there is one such surface. See the reference [5] for the precise
statement of this theorem. About the generalized Bonnet theorem on manifolds
M¯ with constant sectional curvature, also called the fundamental theorem of sub-
manifolds, see [7].
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5 Submanifolds defined by zero curvature
conditions
In this section we review a method by which a system, such that its field equations
are given by a set of zero cuvature conditions, associated to a real Lie algebra,
in circunstantes to be explained, can be associated to a set of semi-riemannian
submanifolds of a given semi-riemannian manifold (see [2] for a review).
The first step is to associate to a given real Lie algebra G a manifold with a
metric tensor and a corresponding Levi-Civita connection. One of the basic ideas is
that all m¯-dimensional vector spaces V over IR are isomorphic to the vector space
IRm by the choice of a basis in V . Corresponding to a m¯-dimensional Lie algebra
G there is a m¯-dimensional vector space. We can associate to IRm a manifold with
its usual differentiable structure. In this way we can associate to a m¯-dimensional
Lie algebra G a differentiable manifold which is diffeomorphic to the differentiable
manifold IRm¯.
The Killing form [8] on a real Lie algebra G is a symmetric IR-bilinear map
k : G × G → IR. This map is nondegenerate if and only if the Lie algebra is
semisimple. From now on we will suppose the Lie algebra is semisimple. As k is
nondegenerate it is possible to find an orthonormal basis {Ti}, Ti ∈ G, that is,
k(Ti, Tj) = δij ǫ¯j , ǫ¯j = ±1. We denote by ν¯ the index of k, that is, the number
of negative signs in the signature (ǫ¯1, . . . , ǫ¯m¯). The Killing form is invariant by
automorphisms and satisfy
k([Ti, Tj ], Tr) = k(Ti, [Tj , Tr]). (5. 1)
Let us denote for a moment the manifold associated to the Lie algebra G by IRm¯G .
There is a diffeomorphism relating IRm¯ and IRm¯G . Then there is an isomorphism given
by the differential of this diffeomorphism relating the tangent spaces of these two
manifolds at corresponding points. In this way a natural coordinate system on IRm¯
induces a globally defined coordinate system {yi} on IRm¯G , which we also call natural,
and corresponding coordinate fields {∂/∂yi}.
We introduce a set of bijective (injective and surjective) linear maps, ∀p ∈ IRm¯G ,
Lp : Tp(IR
m¯
G )→ G, which are defined in terms of the basis {∂/∂y
i} as
Lp(∂/∂y
i(p)) ≡ Ti, where {Ti} is the orthonormal basis defined by the Killing form.
That is, each one of the Lp in the set {Lp} is an isomorphism. We denote the inverse
by L−1p : G→ Tp(IR
m¯
G ), which is also bijective and linear. Thus L
−1
p (Ti) = ∂/∂y
i(p).
Let c ∈ IR, c 6= 0. Then we introduce a F(IRm¯G )-bilinear map
g¯ : x (IRm¯G )× x (IRm¯G)→ F(IRm¯G ) which is defined in terms of the basis {∂i} as
g¯(∂i(p), ∂j(p)) ≡ ck(Lp(∂i(p)), Lp(∂j(p))) = ck(Ti, Tj) = cδij ǫ¯j , (5. 2)
∀p ∈ IRm¯G . One can see the map g¯ is a metric tensor on IR
m¯
G . Note that
g¯
(
∂i(p)√
| c |
,
∂j(p)√
| c |
)
=
c
| c |
δij ǫ¯j .
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That is, {∂i(p)/
√
| c |} is an orthonormal basis at Tp(IR
m¯
G ).
Define ν¯(c) by ν¯(c) ≡ ν¯ if c > 0 and ν¯(c) ≡ m¯− ν¯ if c < 0. Then IRm¯G with the
metric tensor g¯ and a corresponding Levi-Civita connection is isometric to the semi-
euclidean space IRm¯ν¯(c). To simplify our notation we will just denote this manifold by
IRm¯ν¯(c).
We consider field theories such that their field equations are given in terms of
a set of semisimple real Lie algebra valued gauge potentials a1(z
1, . . . , zm, λ),. . .,
am(z
1, . . . , zm, λ) defined on IRmν × IR satisfying a set of zero curvature conditions
∂αaβ − ∂βaα + [aα, aβ] = 0, (5. 3)
∀α, β ∈ {1, . . . , m}.
Let U be defined by:
(∂µ + aµ)U = 0, (5. 4)
∀µ ∈ {1, . . . , m} .
We now introduce an expression which is supposed to parametrize a submanifold
M . After we have derived expressions for the corresponding components of the
fundamental forms, we are going to indicate the conditions that must be satisfied in
order to have a consistent construction and a well defined semi-riemannian
submanifold. The maps Lp and L
−1
p are implicitly employed in order to identify
Tp(IR
m¯
ν¯(c)) and G, ∀p ∈ IR
m¯
ν¯(c).
Let the position vector corresponding to points in the submanifold M be given
by
r = y1(z1, . . . , zm, λ)∂1 + · · ·+ y
m¯(z1, . . . , zm, λ)∂m¯ ≡ U
−1U,λ , (5. 5)
where U,λ ≡
∂U
∂λ
, {zα} are local coordinates on M and {yi} are natural coordinates
on IRm¯ν¯(c).
Then, using (5. 4),
r,µ = −U
−1aµ,λU and (5. 6)
r,µν = U
−1([aµ,λ, aν ]− aµ,νλ)U, (5. 7)
where aµ,λ ≡
∂aµ
∂λ
and aµ,νλ ≡
∂
∂λ
∂
∂zν
aµ.
If r corresponds to a point p ∈ M , described in terms of the local coordinates
{zα}, then r,µ(p) ∈ TpM , r,µ(p) = (∂y
i/∂zµ)∂i(p) = ∂µ(p) and
gµν(p) ≡ g¯(r,µ, r,ν)(p)
= ck(−U−1aµ,λU,−U
−1aν,λU)(p) = ck(aµ,λ, aν,λ)(p), (5. 8)
because U−1GU is an automorphism of G and the Killing form is invariant by
automorphisms. As we see, one of the conditions we need to have a well defined semi-
riemannian submanifold is that the matrix defined by k(aµ,λ, aν,λ) has determinant
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different of zero. In this case, one can find N01 , N
0
2 , . . ., N
0
m¯−m ∈ G such that
k(aµ,λ, N
0
A) = 0 and (5. 9)
ck(N0A, N
0
B) = ηAB = δABǫ
⊥
B, (5. 10)
where ǫ⊥B = ±1 and the index is denoted by ν
⊥. Note that {ηAB}, {ǫ
⊥
B} and ν
⊥
depend on the sign of c. That is, if a set {N0A} satisfy (5. 9) and (5. 10) when
c > 0, then the same set will satisfy (5. 9) and (5. 10) when c < 0, where now
{ηAB} → {−ηAB}, {ǫ
⊥
B} → {−ǫ
⊥
B} and ν
⊥ → (m¯ − m − ν⊥). For instance, in the
example given in the next section (m¯−m) = 1 and η11 = c/(| c |).
Define
NA = U
−1N0AU. (5. 11)
Then ck(NA, NB) = ηAB and, using (5. 4), NA,µ = U
−1(N0A,µ + [aµ, N
0
A])U . Note
that g¯(r,µ, NA) = 0.
Let us employ a natural coordinate system on IRm¯ν¯(c). Then Γ¯
k
ij = 0 and the GW
equations (4. 3) and (4. 4) can be written as:
r,αβ = Γ
γ
αβr,γ + η
ABbAαβNB and (5. 12)
NA,α = µ
C
AαNC − bAαγg
γρr,ρ. (5. 13)
From (5. 12), g¯(r,αβ, rρ) = Γ
γ
αβgγρ. Then Γ
µ
αβ = g
ρµg¯(r,αβ, rρ). Thus
Γµαβ = cg
ρµk(aρ,λ, aα,βλ − [aα,λ, aβ]), (5. 14)
where (gρµ) is the inverse of the matrix defined by (5. 8).
Similarly, from (5. 12),
bCαβ = ck(N
0
C , [aα,λ, aβ]− aα,βλ) (5. 15)
and, from (5. 13),
bCαβ = ck(aβ,λ, N
0
C,α + [aα, N
0
C ]). (5. 16)
One can verify, using (5. 1), (5. 3) and (5. 9), that the expressions (5. 15) and
(5. 16) coincide.
From (5. 13),
µDAα = cη
BDk(N0B, N
0
A,α + [aα, N
0
A]). (5. 17)
It follows that
µBAα = ck(N
0
B, N
0
A,α + [aα, N
0
A]). (5. 18)
It is possible verify, using (5. 3), that in the expressions (5. 15), (5. 16) and
(5. 18) bCαβ = bCβα and µDAα = −µADα. We show in the appendix that Γ
µ
αβ from
the expression (5. 14) and Γµαβ obtained from gµν by (3. 1) are identical by the use
of (5. 3). As in the expression (3. 1) Γµαβ = Γ
µ
βα, the same holds in the expression
(5. 14). This can be seen also directly in (5. 14), because
aα,βλ − [aα,λ, aβ] = (1/2)(aα,βλ − [aα,λ, aβ]) + (1/2)(aβ,αλ − [aβ,λ, aα]).
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We are now going to discuss the conditions that must be imposed in order such
construction defines a semi-riemannian submanifold. Let φ : IRmν → IR
m¯
ν¯(c) be defined
by φ(z1, . . . , zm) = (y1, . . . , ym¯), where {yi} are the functions defined by (5. 5),
evaluated at a fixed value of λ. The conditions are: There is an open set V ⊆ IRmν
such that
(a) φ is a C∞ differentiable function.
(b) a1,λ(z
1, . . . , zm, λ), . . ., am,λ(z
1, . . . , zm, λ) are linearly independent elements of
G.
(c) det(k(aµ,λ, aν,λ)) 6= 0.
To understand the meaning of the second condition, suppose there is p ∈ V such
that r,1(p), . . ., r,m(p) are linearly dependent. Then there are c1, . . . , cm ∈ IR such
that there is at least of them that satisfies cj 6= 0 and, by (5. 6),
U−1(c1a1,λ + · · · + cmam,λ)U(p) = 0. Thus (c1a1,λ + · · · + cmam,λ)(p) = 0, which
would correspond to linearly dependent a1,λ(p), . . ., am,λ(p). Then r,1(p), . . ., r,m(p)
are linearly independent elements of G, ∀p ∈ V . It follows that the m¯ ×m matrix
∂(y1, . . . , ym¯)/∂(z1, . . . , zm) corresponding to the differential of φ has the maximal
rank m. Thus dφ is injective. We have the conclusion by the first and second
conditions that φ : V → IRm¯ν¯(c) is an immersion. As explained in the previous section,
∀p ∈ V ⊆ IRmν there is an open set W , p ∈ W ⊆ V , such that φ : W → IR
m¯
ν¯(c) is an
imbedding and φ(W ) is a submanifold of IRm¯ν¯(c).
The last condition implies that the map given by (5. 8) is nondegenerate. We
can take W as a conex open set. Then, as φ : W → φ(W ) is a homeomorphism,
φ(W ) is conex. It is known [4] that if a map g : x (M)×x (M)→ F(M) on a conex
manifold M is F(M)-bilinear, symmetric and nondegenerate, then it has constant
index. Thus the last condition implies φ(W ) is a semi-riemannian submanifold.
Note that, as we are taking derivatives with respect to the parameter λ in the
expressions written in this section, we are implicitly supposing that differentiability
requirements about this parameter are satisfied.
The field equations are invariant by a gauge transformation, as explained in the
section 2. It is possible to show that the fundamental forms given by (5. 8),
(5. 15) and (5. 17) are invariant by a gauge transformation given by a λ-independent
group element g. That is, in any matrix representation, ∂λg = 0. To do that, as in
the equations (5. 9) and (5. 10), we need to find {N0
′
A } such that
k(agµ,λ, N
0′
A ) = 0 and
ck(N0
′
A , N
0′
B ) = ηAB,
where
agµ = gaµg
−1 − ∂µgg
−1 and (5. 19)
agµ,λ = gaµ,λg
−1. (5. 20)
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We take
N0
′
A ≡ gN
0
Ag
−1. (5. 21)
Then one can verify that (5. 8), (5. 15) and (5. 17) calculated at {{aµ}, {N
0
A}} and
{{agµ}, {N
0′
A }} are identical.
By last, we emphasize that we are associating to a field theory not just one but
a set of semi-riemannian submanifolds. Different solutions of the field equations
correspond, in general, to different explicit expressions of the gauge potentials and
these last ones correspond, in general, to different submanifolds.
6 Submanifolds associated to Toda theories
In this section we apply the method of the previous section to Toda theories as-
sociated to semisimple real Lie algebras of finite dimension. In this case, IRmν is
IR21 ≃Mk
2 and we denote z1 ≡ z, z2 ≡ z¯. The gauge potentials are given by (2. 3)
and (2. 4). Then
a1,λ = −e
−λBε−B−1 and
a2,λ = −e
λε+.
The condition (b) of section 5 is that a1,λ and a2,λ are linearly independent.
Note that a1,λ ∈ G−1 and a2,λ ∈ G1. Then, if ε
+ 6= 0 and ε− 6= 0, that condition is
satisfied.
Given a semisimple real Lie algebra G, suppose there is a grading operator Q
and let Tn ∈ Gn, Tm ∈ Gm. Then, using (5. 1), k([Q, Tn], Tm) = −k(Tn, [Q, Tm]).
We see that k([Q, Tn], Tm) = nk(Tn, Tm) and k(Tn, [Q, Tm]) = mk(Tn, Tm). Then
(n+m)k(Tn, Tm) = 0. Thus, if (n+m) 6= 0, then k(Tn, Tm) = 0.
Let us analize the condition (c) of section 5. We have
k(a1,λ, a1,λ) = k(a2,λ, a2,λ) = 0,
k(a1,λ, a2,λ) = k(a2,λ, a1,λ) = k(Bε
−B−1, ε+).
As the Killing form is invariant by authomorphisms,
k(Bε−B−1, ε+) = k(ε−, B−1ε+B). Thus the condition (c) of section 5 is
k(Bε−B−1, ε+) = k(ε−, B−1ε+B) 6= 0. (6. 1)
The metric tensor has components given by:
g11 = g22 = 0 and
g12 = g21 = ck(Bε
−B−1, ε+) = ck(ε−, B−1ε+B),
where c 6= 0.
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Given p ∈ M , where M denotes the submanifold, by (5. 6),
c1[U
−1(e−λBε−B−1)U ](p) + c2[U
−1(eλε+)U ](p) ∈ Tp(M),
∀c1, c2 ∈ IR. Let
V1 = e
−λU−1Bε−B−1U +
eλU−1ε+U
2ck(ε+, Bε−B−1)
and (6. 2)
V2 = e
−λU−1Bε−B−1U −
eλU−1ε+U
2ck(ε+, Bε−B−1)
. (6. 3)
Then V1(p) and V2(p) ∈ Tp(M), ∀p ∈M and g(V1, V1) = ck(V1, V1) = 1,
g(V2, V2) = −1 and g(V1, V2) = 0 (Note that (V1, V2) |c>0= (V2, V1) |c<0). Thus the
index associated to the submanifold is νsub = 1 and does not depend on the sign of
c. We have νsub |c>0 +ν
sub |c<0= m = 2. Then (ν
sub |c>0= 1) ⇐⇒ (ν
sub |c<0= 1).
Note that νsub = ν, where ν = 1 is the index associated to IR21 ≃Mk
2.
The inverse of g has components given by:
g11 = g22 = 0 and
g12 = g21 =
1
ck(Bε−B−1, ε+)
=
1
ck(ε−, B−1ε+B)
.
The Christoffel symbols can be obtained using(2. 3), (2. 4), (5. 14) and the fact
that if (n+m) 6= 0 then k(Gn, Gm) = 0:
Γ111 =
k(ε+, ∂1(Bε
−B−1))
k(ε+, Bε−B−1)
,
Γ112 = Γ
1
21 =
k(ε+, ∂2(Bε
−B−1) + [Bε−B−1, ∂2BB
−1])
k(ε+, Bε−B−1)
,
Γ211 = Γ
2
12 = Γ
2
21 = Γ
1
22 = 0 and
Γ222 =
k([Bε−B−1, ε+], ∂2BB
−1)
k(ε+, Bε−B−1)
.
The gaussian curvature K = −R1212 = −g1µR
µ
212, can be obtained using (3. 2)
and the metric tensor components and Christoffel symbols given in this section:
K = ck(Bε−B−1, ε+)∂1
[
k([Bε−B−1, ε+], ∂2BB
−1)
k(ε+, Bε−B−1)
]
.
As we explained in the section 3, the Riemann tensor, the Ricci tensor and the scalar
curvature of the submanifold are given in terms of the gaussian curvature.
We now give an example of an abelian Toda theory. Let G be the simple real Lie
algebra sl(2, IR), which is a non-compact real form of the simple complex Lie algebra
A1. The commutation relations are: [H,E±α] = ±αE±α and [Eα, E−α] = 2αH/α
2.
The Killing form is k(H,H) = 1, k(Eα, E−α) = 2/α
2 and zero in the other cases.
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In the Chevalley basis {h,Eα, E−α}, we have: h ≡ 2αH/α
2, [h,E±α] = ±2E±α,
[Eα, E−α] = h and k(h, h) = 4/α
2 [8].
Note that
k
(α
2
(Eα + E−α),
α
2
(Eα + E−α)
)
= 1,
k
(α
2
(Eα − E−α),
α
2
(Eα − E−α)
)
= −1 and
k
(α
2
(Eα + E−α),
α
2
(Eα −E−α)
)
= 0.
One can verify that {H, α
2
(Eα + E−α),
α
2
(Eα − E−α)} is an orthonormal basis for
sl(2, IR) with respect to the Killing form. Thus m¯ = dim(sl(2, IR)) = 3 and ν¯ = 1.
The fundamental weight Λ is defined by 2αΛ/α2 = 1. We define Q ≡ 2ΛH/α2.
Then h ∈ G0, Eα ∈ G1 and E−α ∈ G−1. We define ε
+ = µ+Eα and ε
− = µ−E−α,
where µ+, µ− ∈ IR, µ+ 6= 0 and µ− 6= 0. The group element B is parametized
as B ≡ exp(ϕh), where ϕ ∈ F(Mk2), that is, ϕ is a C∞ differentiable function
ϕ :Mk2 → IR. The gauge potentials are:
a1 = µ
−e−λe−2ϕE−α and (6. 4)
a2 = −µ
+eλEα − ∂2ϕh. (6. 5)
The field equation is ∂1∂2ϕ = µ
+µ−e−2ϕ. Using the (t, x) variables defined in the
section 2, (∂2t − ∂
2
x)ϕ = 4µ
+µ−e−2ϕ. Note that
k(Bε−B−1, ε+) = (2/α2)µ+µ−e−2ϕ 6= 0. Thus the condition(6. 1) is satisfied.
The metric tensor components are given by:
g11 = g22 = 0 and
g12 = g21 =
2c
α2
µ+µ−e−2ϕ.
The inverse of g has components given by:
g11 = g22 = 0 and
g12 = g21 =
α2e2ϕ
2cµ+µ−
.
The Christoffel symbols are given by:
Γ111 = −2∂1ϕ,
Γ211 = Γ
1
12 = Γ
1
21 = Γ
2
12 = Γ
2
21 = Γ
1
22 = 0 and
Γ222 = −2∂2ϕ.
The gaussian curvature is given by:
K = −
4c
α2
(µ+µ−)2e−4ϕ,
where c 6= 0.Note that:
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(a) ϕ =constant is not a solution of the field equation. Thus K is not constant.
(b) If c > 0, then K(p) < 0, ∀p ∈M . If c < 0, then K(p) > 0, ∀p ∈M .
As shown in the section 5, we need a set of (m¯−m) elements {N0A} satisfying
(5. 9) and (5. 10). In our example, (m¯ − m) = 1. Then N01 = H/
√
| c |. As
k(H,H) = 1, η11 = η
11 = c/ | c |.
From (5. 15), (5. 16), (6. 4) and (6. 5),
b111 = b122 = 0 and
b112 = b121 = −
2cµ+µ−e−2ϕ
α
√
| c |
.
In our example the submanifold is a hypersurface (m¯ = m+1). Then, as shown
in the section 4, we have that µ1 11 = µ
1
12 = 0.
Given p ∈M , then (V1(p), V2(p)) (equations (6. 2) and (6. 3)) is an orthonormal
basis at Tp(M) (ǫ1 = 1 and ǫ2 = −1). As (r,1 = ∂1, r,2 = ∂2), they can be written
as:
V1 = ∂1 +
1
2ck(ε+, Bε−B−1)
∂2 and
V2 = ∂1 −
1
2ck(ε+, Bε−B−1)
∂2.
The mean curvature vector field ~H defined in the equation (4. 5) is given by:
~H =
1
2
[Π(V1, V1)−Π(V2, V2)].
Using that Π is F(M)-bilinear, Π(∂µ, ∂ν) = η
ABbBµνNA and NA = U
−1N0AU :
~H = −
α
c
U−1HU = −
α2
2c
U−1hU.
Note that:
(a) g¯( ~H, ~H)(p) = ck( ~H, ~H)(p) = α2/c = constant, ∀p ∈ M . The vector field ~H
has the same causal character at all the points of the submanifold. That is, if
c > 0 (c < 0), then ~H(p) is a spacelike (timelike) vector, ∀p ∈M .
(b) ~H = −α
√
| c |N1/c. Then
D⊥V
~H = −V β∂β
(
α
√
| c |
c
)
N1 − α
√
| c |
c
D⊥VN1 = 0,
∀V ∈ x (M), because (α
√
| c |/c) is constant, µ1 11 = µ
1
12 = 0 and
D⊥VN1 = V
βµ1 1βN1 = 0.
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By last, we want to analyze the structure of the set {N0A} in the case of an abelian
Toda theory associated to a higher rank algebra. Let G be the simple real Lie algebra
sl(3, IR), which is a non-compact real form of the simple complex Lie algebra A2.
In an analogous way to that described in the case of sl(2, IR), the commutation
relations of sl(3, IR) associated to the basis {{Hi}, {Eα}} or {{hi}, {Eα}} can be
obtained from the commutation relations of A2 [8]. We define
Q ≡ 2
Λ1 ·H
α21
+ 2
Λ2 ·H
α22
,
where Λ1, Λ2 are the fundamental weights. Then {h1, h2} ∈ G0, {Eα1 , Eα2} ∈ G1,
{E−α1 , E−α2} ∈ G−1, {Eα1+α2} ∈ G2 and {E−α1−α2} ∈ G−2, where hi = 2αi ·H/α
2
i .
We define ε+ = µ+(Eα1 + Eα2) and ε
− = µ−(E−α1 + E−α2), where µ
+, µ− ∈ IR,
µ+ 6= 0 and µ− 6= 0. The group element is parametrized as B ≡ exp(ϕ1h1 + ϕ2h2),
where ϕ1, ϕ2 ∈ F(Mk
2), ϕ1 : Mk
2 → IR, ϕ2 : Mk
2 → IR. Note that
k(Bε−B−1, ε+) = µ+µ−(e−2ϕ1+ϕ2 + eϕ1−2ϕ2) 6= 0, by the normalization α2 = 2 for
all the roots. Thus the condition (6. 1) is satisfied.
The gauge potentials are given by:
a1 = e
−λµ−(e−2ϕ1+ϕ2E−α1 + e
ϕ1−2ϕ2E−α2) and
a2 = −e
λµ+(Eα1 + Eα2)− (∂2ϕ1h1 + ∂2ϕ2h2).
We have (m¯−m) = 8− 2 = 6 elements in the set {N0A}:
N01 =
H1√
| c |
, N02 =
H2√
| c |
, N03 =
1√
2 | c |
(c1Eα1 − c2Eα2 − E−α1 + E−α2),
N04 =
1√
2 | c |
(c1Eα1 − c2Eα2 + E−α1 − E−α2),
N05 =
1√
2 | c |
(Eα1+α2 + E−α1−α2), N
0
6 =
1√
2 | c |
(Eα1+α2 −E−α1−α2),
where
c1 =
exp[(3/2)(ϕ1 − ϕ2)]
2 cosh[(3/2)(ϕ1 − ϕ2)]
and c2 =
exp[−(3/2)(ϕ1 − ϕ2)]
2 cosh[(3/2)(ϕ1 − ϕ2)]
.
Note that:
(a) Each one of the elements in the set {N0A} belongs to one of the subspaces: G0,
G1 ⊕G−1, G2 ⊕G−2.
(b) The elements associated to the subspaces G0 and G2⊕G−2 do not depend on
the variables z1, z2. That is, they do not depend on the field variables.
In a similar way, one can construct the set {N0A} in the case of a general Toda theory.
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Appendix
We want to show that
Γµαβ =
1
2
cgρµ[∂αk(aβ,λ, aρ,λ) + ∂βk(aα,λ, aρ,λ)− ∂ρk(aα,λ, aβ,λ)]
is identical to Γµαβ given by the equation (5. 14). Taking the derivatives in the order
they appear, we have six terms: Γµαβ = (Γ
µ
αβ)
1 + · · ·+ (Γµαβ)
6. For instance, using
(5. 1) and (5. 3),
(Γµαβ)
2 + (Γµαβ)
5 =
1
2
cgρµ[k(aβ,λ, aρ,αλ)− k(aα,ρλ, aβ,λ)]
=
1
2
cgρµk(aβ,λ, aρ,αλ − aρ,αλ − [aα,λ, aρ]− [aα, aρ,λ])
=
1
2
cgρµ[k(aρ,λ, [aα, aβ,λ])− k(aρ, [aβ,λ, aα,λ])].
Similarly, (Γµαβ)
1 + (Γµαβ)
3 = (1/2)cgρµk(aρ,λ, 2aα,βλ − [aα,λ, aβ ]− [aα, aβ,λ])
and (Γµαβ)
4 + (Γµαβ)
6 = (1/2)cgρµ[k(aρ,λ, [aβ, aα,λ])− k(aρ, [aα,λ, aβ,λ])].
Thus Γµαβ = cg
ρµk(aρ,λ, aα,βλ − [aα,λ, aβ]).
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